In this paper we consider the curves in the unit 3-sphere. The unit 3-sphere can be canonically embedded in the lightcone and de Sitter 4-space in Loretnz-Minkowski 5-space. We investigate these curves in the framework of the theory of Legendrian dualities between pseudo-spheres in Lorentz-Minkowski 5-space.
Introduction
It has been investigated the evolutes of curves in the unit 2-sphere in [7] from the view point of the Legendrian duality [4, 5] . It is known that the evolute of a curve in the unit 2-sphere is the dual of the tangent indicatrix of the original curve [11] . The dual curve in the unit 2-sphere is defined to be equidistant by π/2 from the original one. For a curve in the unit 3-sphere, however, the dual is a surface. Therefore, the dual of the tangent indicatrix of a curve is a surface which is called the focal surface (or, the focal set) of the original curve. The critical locus of the focal surface is the evolute of the original curve (cf., [11] ). We remark that the focal set of a curve in the unit 2-sphere is a curve which is equal to the evolute.
On the other hand, the first author introduced the mandala of Legendrian dualities between pseudo-spheres in Minkowski space [4, 5] . There are three kinds of pseudo-spheres in LorentzMinkowski 5-space(i.e., the hyperbolic space, the de Sitter space and the lightcone). Especially, if we investigate spacelike submanifolds in the lightcone, those Legendrian dualities are essentially useful (see, also [9] ). For the de Sitter space and the lightcone in Lorentz-Minkowski 5-space, there exist naturally embedded unit 3-spheres. In this paper we investigate the curves in the unit 3-sphere in the framework of the theory of Legendrian dualities between pseudospheres in Lorentz-Minkowski 5-space( [1, 2, 6, 5, 10, 11, 12, 13] , etc.). If we have a regular curve in the unit 3-sphere, then we have the regular curve in the embedded unit 3-sphere in the lightcone or de Sitter space. Therefore, we naturally have the dual hypersurfaces in the lightcone as an application of the duality theorem in [5] . There are two kinds of lightcone dual hypersurfaces of a curve in the unit 3-sphere. The critical value sets of these two hypersurfaces are called the lightcone focal surfaces respectively. The projections of these focal surfaces to unit 3-sphere are different surfaces. In [7] we have shown that the projection images of the critical value sets of lightcone dual surfaces for a curve in the unit 2-sphere coincide with the evolute of the original curve. Therefore, the situation of curves in the unit 3-sphere is quite different from that of curves in the unit 2-sphere. However, the projections of the critical sets of lightcone focal surfaces are equal to the evolute of the curve. In order to clarify such situation, we introduce the notion of discriminant set of higher order for unfoldings of functions of one-variable (see, Section 6) .
A brief description of the organization for this paper is as follows: In Section 2, we give basic concepts in this paper. In Section 3, we formulate the Frenet-Serret type formulae for the curves in the unit 3-sphere. We also give the definition of the spherical focal surfaces of the curve in the unit 3-sphere. The spherical evolutes of the curve in the unit 3-sphere is given by the critical sets of the spherical focal surfaces. In Section 4, we define the lightcone dual hypersurfaces and the ligtcone focal surfaces of the curves in the unit 3-sphere. In Section 5, we calculate the conditions for the A k (k = 1, 2, 3, 4) singularities for the lightcone height functions of the curves in the unit 3-sphere. In Section 6, we show that the projections of the critical sets of focal surfaces to the unit 3-sphere are the same, and they are equal to the spherical evolutes of the curve in the unit 3-sphere (Theorem 6.2). We also study the singularities of the lightcone dual surfaces, the lightcone focal surfaces and the spherical evolutes of the curves in the unit 3-sphere which is one of the main results in this paper (cf., Theorem 6.9).
All maps considered here are of class C ∞ unless otherwise stated.
Basic concepts
In this section we give the basic concepts in this paper. Let R 5 be a five-dimensional vector space. For any two vectors
1 , their pseudo vector product is defined by
where {e 0 , e 1 , e 2 , e 3 , e 4 } is the canonical basis of R 1 is defined by ∥ x ∥= (sign(x)⟨x, x⟩) 1/2 , where sign(x) denotes the signature of x which is given by sign(x)=1, 0 or -1 when x is a spacelike, lightlike or timelike vector respectively.
Let γ : I → R 5 1 be a regular curve in R 5 1 (i.e.,γ(t) ̸ = 0 for any t ∈ I ), where I is an open interval. For any t ∈ I, the curve γ is called spacelike, lightlike or timelike if ⟨γ(t),γ(t)⟩ > 0, ⟨γ(t),γ(t)⟩ = 0 or ⟨γ(t),γ(t)⟩ < 0 respectively. We call γ a nonlightlike curve if γ is a spacelike or timelike curve. The arc-length of a nonlightlike curve γ measured from γ(t 0 )(t 0 ∈ I) is s(t) = ∫ t t 0 ∥γ(t) ∥ dt. The parameter s is determined such that ∥ γ ′ (s) ∥= 1 for the nonlightlike curve, where γ ′ (s) = dγ/ds(s) is the unit tangent vector of γ at s. We define the de Sitter 4-space by
We define the closed lightcone with the vertex a by
We define the open lightcone at the origin by
Here we consider the unit sphere in the lightcone defined by
we call it the lightlike unit sphere. We define the canonical lightcone projection π :
We also define the 3-dimensional Euclidean unit 3-sphere in R 
. We call {γ, t, n, b} a Sabban frame of γ [8] . Here, κ g is called a geodesic curvature and τ g a geodesic torsion of γ in S 3 0 respectively. We now consider the focal surface of a curve γ : I → S 3 0 analogous to the case for curves in Euclidean space. We define
We call each image of F ± the spherical focal surface of γ. We remark that the focal surfaces of γ satisfies the equations ⟨γ
This means that each one of the focal surface F ± (s, u) of γ is the spherical dual of t in the sense of [10] . By straightforward calculations, we have
It follows that {∂F ± /∂u, ∂F ± /∂s} is linearly dependent if and only if
.
Therefore each critical value set of F ± is given by
We remark that each curve of ε ± γ satisfies the equations ⟨γ [11] Porteous introduced the notion of the evolute of γ in the unit 3-sphere. He defined it as the curve satisfies the above equations, so that we call each image of ε ± γ the spherical evolute of γ in the unit 3-sphere. We remark that ε
so that we have a sphere
an osculating sphere of γ at s 0 . Therefore the spherical evolutes ε ± γ (s) are the loci of the centers of osculating spheres of γ respectively. 
, then at any point on γ, the osculating spheres is S 2 (v, c) itself. So the locus of the centers of osculating spheres of γ is v and −v. Therefore, both of the spherical evolutes ε ± γ of γ are constant.
Lightcone duals of curves in the unit 3-sphere
In [5] the first author introduced the Legendrian dualities between pseudo-spheres in Minkowski space which is a basic tool for the study of hypersurfaces in pseudo-spheres in Minkowski space. We define one-forms ⟨dv,
and consider the following two double fibrations:
i2 (0) define the same tangent hyperplane field over ∆ i which is denoted by K i , (i=3,4). It has been shown in [5] that each (∆ i , K i )(i = 3, 4) is a contact manifold and both of π ij (j = 1, 2) are Legendrian fibrations. Moreover those contact manifolds are contact diffeomorphic to each other. In [5] we have defined four double fibrations (∆ i , K i ) (i = 1, 2, 3, 4) such that these are contact diffeomorphic to each other. Here, we only use (∆ 3 , K 3 ) and (
. For detailed properties of Legendrian fibrations, see [1] .
We now define hypersurfaces in LC * associated with the curves in S be a unit speed curve. We define LD
We also define LD γ :
Then we have the following proposition.
Proposition 4.1. Under the above notation, we have the followings:
(1) γ and LD
We also consider the mapping 
In this paper we consider the singularities of these dual surfaces and mappings. By the Frenet-Serret type formulae, we have
Then we have the following proposition. Therefore, the critical value sets of the above dual surfaces are given by
We respectively denote that
where we have the relation v = ± √ 4 + 4uκ g (s) − u 2 . We respectively call each one of LF ± γ the lightcone focal surface of the de Sitter spherical curve γ and each one of LF ± γ the ligtcone focal surface of the lightcone spherical curve γ. Then the projections of these surfaces to S 3 + are given as follows:
On the other hand, we define
± ). In [7] , it was shown that the projections of the critical value sets of the lightcone dual surfaces of γ and γ are the same for a curve γ : I → S 2 + . Moreover, it is equal to the spherical evolute of γ. Therefore, the situation for curves in S 
Lightcone height functions
In order to study the singularities of Lightcone dual surfaces of spherical curves, we introduce two families of functions and apply the theory of unfoldings. Let γ : I −→ S 3 + be a unit speed curve, then we define two families of functions as follows:
We call H a lightcone height function of the de Sitter spherical curve γ. 
Proof.
The converse direction also holds.
(
It follows from the fact
Then we have κ g (s) ̸ = 0, µ = 1/κ g (s) and 
This is equivalent to the condition ( 
This is equivalent to the condition (
This completes the proof. 
By the above condition, we have the equation (κ 
By the above condition, we have the equation (κ
This completes the proof. According to the assertions of Propositions 5.1 and 5.2, we define an invariant
which we call a spherical curvature of γ. We have the following proposition. 
Singularities of ligtcone duals of spherical curves
In this section we classify the singularities of LD ± γ and LD γ as an application of the unfolding theory of functions. Let F : (R × R r , (s 0 , x 0 )) −→ R be a function germ, we call F an r-parameter unfolding of f , where f (s) = F x 0 (s, x 0 ). The discriminant set of F is defined by
By Propositions 5.1, (2) and 5.2, (2), the discriminant set of H and H are
These are the lightcone dual surfaces of γ and the lightcone dual surface of γ respectively. Moreover, the both assertions (4) 
Then we have the following theorem as a corollary. 
Proof. We know that
By straightforward calculations, we have
Similarly, we can calculate that
,
So we have π(C(LF
Inspired by Propositons 5.1, 5.2 and Theorem 6.2, we define the following set:
In order to understand the geometric properties of the discriminant set of order ℓ, we introduce an equivalence relation among the unfoldings of functions. Let F and G be r-parameter unfoldings of f (s) and g(s), respectively. We say that F and G are P-R-equivalent if there exists a diffeomorphism germ 
For a function f (s), we say that f has A k -singularity at s 0 if f (p) (s 0 ) = 0 for all 1 ≤ p ≤ k and f (k+1) (s 0 ) ̸ = 0. Let F be an r-parameter unfolding of f and f has A k -singularity (k ≥ 1) at s 0 . We denote the (k − 1)-jet of the partial derivative ∂F/∂x i at s 0 as
. We have the following classification result as a corollary of the above theorem. and h v 0 at any point s 0 ∈ I respectively. We apply Corollary 6.6, so that we have the above assertions.
